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Abstract
We study slowly rotating four-dimensional black holes with flat
horizon structure in scale-dependent gravity. First we obtain the so-
lution, and then we study thermodynamic properties as well as the
invariants of the theory. The impact of the scale-dependent parame-
ter is investigated in detail. We find that the scale-dependent solution
exhibits a single singularity at the origin, also present in the classical
solution.
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1 Introduction
Einstein’s General Relativity (GR) [1] not only is very successful, as by now
it has passed numerous tests [2, 3, 4], but at the same time is considered
to be one of the most beautiful theories ever formulated. As successful as
it may be as a classical theory, at quantum level technically speaking GR
falls into the class of non-renormalizable theories. Although by now we know
how to extract quantum predictions from a non-renormalizable theory using
the techniques of effective field theory (to which GR fits perfectly) [5], the
problem remains. The formulation of a consistent theory of quantum gravity
remains an open issue in modern theoretical physics. Currently in the liter-
ature there are several approaches that have been proposed and studied (see
for instance[6, 7, 8, 9, 10, 11, 12, 13, 14] and references therein). A closer
look reveals that all of those share the same property, namely the fact that
the basic quantities that enter into the defining action of our favorite model,
such as the cosmological constant, the gravitational or electromagnetic cou-
pling etc, become scale dependent (SD) quantities. This was to be expected,
as it is well-known that a generic feature of standard quantum field theory
is the scale dependence at the level of the effective action.
Black holes (BHs), a remarkable prediction of all metric theories of grav-
ity, are exciting and important objects for theories of gravity, both at the
classical and quantum level, linking together several scienticic areas and re-
search fields, from astrophysics and gravitation to statistical mechanics and
quantum physics. There are currently three main classes of BHs, namely as-
trophysical, primordial and mini-BHs. In particular, during the final stages
of gravitational collapse of massive stars astrophysical BHs emerge, density
inhomogeneities in the early Universe seed the formation of primordial BHs,
while mini-BHs are expected to form at colliders or in the atmosphere of the
earth in TeV-scale gravity scenarios in D-brane constructions of the Standard
Model [15, 16, 17]. The first image of a black hole shadow announced last year
by the Event Horizon Telescope [18, 19, 20, 21, 22, 23], and also the numer-
ous direct detection by the LIGO/Virgo collaborations [24, 25, 26, 27, 28] of
gravitational waves from BH binary systems, have established the existence
of BHs over the last 5 years or so.
Within the framework of GR the most general BH solution is the Kerr-
Newman geometry characterized by its mass, angular momentum and electric
charge, see e.g. [29]. Since, however, astrophysical BHs are expected to be
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electrically neutral, the most interesting cases to be considered are either
the Schwarzschild [30] or the Kerr geometry [31]. Rotating BH solutions
have attracted a lot of attention recently due to the great interest of the
community in BH shadows, see e.g. [32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42,
43, 44, 45, 46, 47, 48, 49, 50] and references therein. Furthermore, the current
cosmic acceleration [51, 52] as well as the AdS/CFT correspondence [53, 54]
motivate the study of space-times with a non-vanishing cosmological constant
(CC). The Ban˜ados-Teitelboim-Zanelli black hole [55, 56], which marked the
interest in lower-dimensional gravity, is sourced by a negative cosmological
constant, while BH solutions with flat horizon structure (cylindrical, planar
or toroidal) [57, 58, 59], also require a negative cosmological constant.
So far the impact of the scale-dependent gravity on Cosmology, relativistic
stars as well as BH physics has been studied over the last years [60, 61, 62,
63, 64, 65, 66, 67, 68, 69, 70]. To the best of our knowledge, however, the
impact of the SD scenario on four-dimensional rotating BH solutions has not
been studied yet. Therefore, in the present work we propose to obtain for the
first time rotating BHs with flat horizon structure in the scale-dependence
scenario.
The plan of this work is the following: In the next section we briefly
describe the formalism. In section 3 we discuss four-dimensional rotating BHs
with flat horizon structure in scale-dependent gravity, while their properties
are investigated in the fourth section, where we discuss the thermodynamics
as well as the invariants of the theory. Finally, we finish with some concluding
remarks in the section 5. We work in geometrical units where c = 1 = G0,
and we adopt the mostly positive metric signature (-,+,+,+).
2 Scale-dependent gravity in black hole physics
In this section, we briefly review the main idea and the formalism of the SD
gravity following [69]. The motivation of the approach where the coupling
constants evolve with a certain arbitrary scale is only understood in quantum
gravity [71]. Up to now a “consistent and predictive” description of quan-
tum gravity is still an open task in theoretical physics. Although one of the
most popular approaches to quantum gravity is the so-called Loop Quantum
Gravity (LQG), Exact Renormalization Groups (ERG) has recently attracted
more adepts. The latter is precisely the inspiration of the scale-dependent
approach, as the ERG technique starts from an average effective action with
2
running couplings to incorporate quantum corrections. Thus, quantum ef-
fects are taken into account via the running of the coupling constants. It is
essential to point out that the ERG and the SD scenario allow us to derive
the equations for running couplings of an average effective action exactly,
i.e., without the need for expansion of the couplings in powers of some small
parameter.
The scale-dependent scenario allows us to extend classical BH solutions to
include quantum features that are assumed to be small. In the simplest case
(without the presence of matter), we only have two couplings: i) Newton’s
constant Gk and ii) the cosmological constant Λk. As usual, we can define
an auxiliary parameter κk ≡ 8piGk. What is more, we have two extra fields,
i.e., the metric tensor gµν and the arbitrary renormalization scale k.
The effective action Γ[gµν , k] is then written as [69]
Γ[gµν , k] ≡
∫
d4x
√−g
[
1
2κk
(
R− 2Λk
)
+ LM
]
, (1)
where LM is the Lagrangian density of the matter fields (if any), g is the
determinant of the metric tensor gµν , R is the corresponding Ricci scalar,
Λk is the scale-dependent cosmological constant (CC), and κk is the scale-
dependent gravitational coupling. The average effective action variation with
respect to the metric tensor gives rise to the effective Einstein’s field equa-
tions:
Gµν + Λkgµν ≡ κkT effecµν , (2)
where the effective energy-momentum tensor is defined by
κkT
effec
µν = κkT
M
µν −∆tµν . (3)
It is mandatory to point out that the effective energy-momentum tensor takes
into account two contributions: i) the usual matter content and ii) the non-
matter source (provided by the running of the gravitational coupling), which
is given by [69]:
∆tµν ≡ Gk
(
gµν−∇µ∇ν
)
G−1k . (4)
As already mentioned, the goal of this article is to investigate the properties
of four-dimensional scale-dependent black holes with flat horizon structure,
sourced by a negative cosmological constant only. Therefore, we set TMµν = 0
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in the following, although, in principle, matter fields, such as electromagnetic
sources, are always an exciting and vital ingredient in gravitational theories.
Next, varying the average effective action with respect to the additional
field k(x), we obtain an auxiliary equation to close the system of equations.
The last condition reads:
δΓ[gµν , k]
δk
= 0. (5)
This restriction is usually considered as a posteriori condition towards back-
ground independence [72, 73, 74, 75, 76, 77, 78]. Taking advantage of (5) we
find a direct connection between Gk and Λk (or other couplings). Thus, we
also notice that the cosmological constant is required to obtain self-consistent
scale-dependent solutions. Otherwise, we should add additional matter La-
grangians into the action to maintain a consistent solution. So, the system
is indeed closed after including the above equation.
3 Scale-dependent black holes with flat hori-
zon structure
In this section we obtain the scale-dependent solution, while its properties
are discussed in the next section.
3.1 Classical BH solutions
Let us consider the classical solution first. The starting point is Einstein’s
field equations without the presence of matter fields, and with a non-vanishing
CC, Λ = ±3/L2, where L > 0 is a parameter with dimensions of length
Gµν + Λgµν = 0. (6)
The line element for the metric tensor without rotation has the general form
ds2 = −f0(r)dt2 + f0(r)−1dr2 + r2γijdxidxj (7)
where γijdx
idxj represents the line element of a two-dimensional surface with
constant curvature k = −1, 0, 1, and the indices (i, j) = 1, 2. The well-
known solutions of General Relativity, such as the Schwarzschild and the
Reissner-Nordstro¨m geometries, correspond to spherical horizon structure
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where k = 1. In this work, however, we shall consider solutions with a flat
horizon structure where k = 0.
For cylindrical or toroidal solutions we adopt a coordinate system t, r, φ, z,
and for non-rotating solutions we make for the line element the ansatz [59]
ds2 = −f0(r)dt2 + f0(r)−1dr2 + r2
(
dφ2 +
dz2
L2
)
, (8)
where 0 < φ < 2pi, while the range of the z coordinate determines the kind
of the black hole, namely [59].
−∞ < z <∞, cylindrical BH (9)
0 <
z
L
< 2pi, toroidal BH. (10)
Given the field equations and the ansatz for the metric tensor, it is straight-
forward to obtain the expression for the lapse function, which is found to be
[59]
f0(r) = −4ML
r
− Λr
2
3
, (11)
where M > 0 is the mass of the BH. Clearly, the existence of an event horizon
requires a negative CC. Therefore, from now on we set Λ = −3/L2, and the
lapse function takes the form
f0(r) = −µ
r
+
r2
L2
, (12)
where we set µ = 4ML, with µ > 0 being a mass parameter proportional to
the mass of the BH.
The lapse function may be rewritten in terms of the classical event hori-
zon, r0, as follows:
f0(r) =
(
r
L
)2[
1−
(
r0
r
)3]
, (13)
where r0 is computed solving the algebraic equation f0(r0) = 0, and it is
found to be
r30 = µL
2. (14)
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Next, the full rotating solution with angular velocity ω has been obtained
in [58], and in the slowly rotating limit it is given by
ds2 = −f0(r)dt2 + f0(r)−1dr2 + r2dφ2 + r
2
L2
dz2 − 2
(
ωµL2
r
)
dtdφ, (15)
where now there is a non-diagonal term proportional to ω.
The thermodynamics is discussed in detail later on, see section 4. We will
briefly summarize the main results obtained in the classical case. Thus, the
Hawking temperature T0, the Bekenstein-Hawking entropy S0 and the heat
capacity C0 are computed to be [79, 80]:
T0 =
|f ′0(r0)|
4pi
=
1
4pi
∣∣∣∣∣ 3µr20
∣∣∣∣∣ ∝ µ1/3, (16)
S0 =
AH
4G0
=
4pi2r20
4G0
∝ µ2/3, (17)
C0 = T0
∂S0
∂T0
∣∣∣∣∣
r0
= −S0. (18)
respectively, with AH being the horizon area.
3.2 Rotating solutions in scale-dependent gravity
We now apply the formalism presented in Section 2 to obtain the slowly rotat-
ing solution with flat horizon structure in four-dimensional scale-dependent
gravity. Let us remark in passing that the classical slowly rotating Kerr
solution [31] cannot be recovered, since the geometry of the Kerr BH is char-
acterized by spherical horizon structure. Moreover, the three-dimensional full
rotating Ban˜ados-Zanelli-Teitelboim solution [81] in scale-dependent gravity
has been obtained in [65]. In four-dimensions, however, the complexity of
the full field equations unfortunately does not allow for an exact treatment.
Therefore, in the following we shall only focus on the limit of slow rotation.
We recall that the for the planar BH solution without rotation given by
ds2 = −f(r)dt2 + f(r)−1dr2 +
( r
L
)2
(dx2 + dy2), (19)
the impact of scale-dependent gravity on its properties has been studied in
[68]. In particular, the modified lapse function and the running CC were
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found to be [68]
f(r) = f0(r) + 6MLY (r), (20)
Y (r) = 1− 2r + 2(r)2 ln
(
1 +
1
r
)
, (21)
and
Λ(r) = Λ0 + 
(
L
r(1 + r)2
)
λ(r), (22)
λ(r) =
Λ0r
2(1 + r)
L
+ 6M [1 + 12r(1 + r)]−
36Mr2(1 + r)(1 + 2r) ln
(
1 +
1
r
)
,
(23)
respectively, where the sub index 0 denotes the classical quantities,  is the
running parameter that measures the deviation from the classical solution.
We now proceed to obtain the scale-dependent version of the rotating
solution in the slow rotation limit. Based on the line element of the classical
slow rotating solution, we here too make the following ansatz:
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dφ2 + r
2
L2
dz2 − 2ωn(r) dtdφ, (24)
where f(r) and n(r) are two unknown functions to be determined by the
effective Einstein’s field equations. Furthermore, since the angular velocity
ω controls the rotation speed, in the slow rotation limit we shall keep terms
linear in ω only. In addition, the specific form of Newton’s coupling can be
obtained directly, after eliminating Λ(r), by solving the effective Einstein’s
field equations. Thus, we first take advantage of the tt component of the
effective field equations to obtain G(r). Second, we compute the two metric
functions, f(r), n(r), which can be analytically obtained from the reduced
system of differential equations. To conclude, we compute the running cos-
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mological coupling Λ(r). Thus, the full solution is found to be
G(r) =
G0
1 + r
, (25)
f(r) = f0(r) +
3
2
µY (r), (26)
n(r) = n0(r)− 3
2
µL2Y (r), (27)
Λ(r) = Λ0 +
Λ0r
(1 + r)
[
1− (1 + 12r(1 + r)) (µL
2)
2r2(1 + r)
+
(1 + 2r) (3µL22)
r
ln
(
1 +
1
r
)]
,
(28)
where for convenience we introduce an auxiliary function, Y (r), which is
defined to be:
Y (r) ≡ 1− 2r + 2(r)2 ln
(
1 +
1
r
)
. (29)
At this point, a couple of comments are in order. First, the integration
constants have been chosen conveniently to obtain the classical solution when
the scale-dependent parameter is taken to be zero. It can be observed below:
lim
→0
G(r) = G0 ≡ 1, (30)
lim
→0
f(r) = f0(r) = −µ
r
+
r2
L2
, (31)
lim
→0
n(r) = n0(r) ≡ µL
2
r
, (32)
lim
→0
Λ(r) = Λ0 ≡ − 3
L2
. (33)
Moreover, when the running parameter is small enough, we can take a series
for  parameter. Thus, our new solution is contrasted with the classical one.
In this respect, we also observe the leading corrections, which are summarized
8
as follows:
G(r) ≈ G0(1− r) +O(2), (34)
f(r) ≈ f0(r) + 3
2
µ+O(2), (35)
n(r) ≈ n0(r)
(
1− 3
2
r
)
+O(2), (36)
Λ(r) ≈ Λ0(1 + r) +O(2). (37)
To summarize, scale-dependent solutions are obtained taking into account
two ingredients: i) Einstein’s effective field equations, and ii) the link between
the renormalization scale k and the radial coordinate r. The latter is a
reasonable assumption, and it has been used in similar problems, such as
improved BH solutions. With the above in mind, the classical couplings are
treated as scale-dependent ones, and we need to solve the improved Einstein’s
field equations.
The general process to obtain the solutions in this case may be summa-
rized as follows: i) given that Λ(r) appears linearly in the field equations,
we may eliminate it temporarily combining, ii) After that, the reduced tt
component system of differential equations allows us to obtain G(r) directly,
ignoring the rest of unknown functions f(r), n(r). iii) Then, plugging in G(r)
and Λ(r), we use the φφ effective field equation to obtain the lapse function.
iv) Plugging Λ(r), G(r), f(r) into the non-diagonal part of Einstein’s field
equations we compute n(r). v) Finally, we plug G(r), f(r), n(r) into the
original equations to obtain the explicit form of Λ(r).
4 Invariants and thermodynamics
It is always useful to investigate BH thermodynamics as well as some of
the invariants of the theory. This analysis in principle could reveal new
non-physical singularities, which should be treated in some detail. Also,
thermodynamic properties allow us to get some insight into the underlying
theory. It is known that the well-known solutions of General Relativity are
characterized by a singularity at the origin, r → 0. The singularity is hidden
by an event horizon, and therefore it has no effect on the outside region, where
Physics is well-behaved. The existence of singularities, however, indicates
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Figure 1: Metric functions f(r), n(r) as well as running cosmological con-
stant, Λ(r), and Newton’s constant, G(r), setting µ = 1 and L = 1. Top
left panel: Lapse function f(r) versus r for different values of the running
parameter . Top right panel: Shift function n(r) versus r for different
values of the running parameter . Bottom left panel: Running cosmolog-
ical constant Λ(r) versus r for different values of the running parameter .
Bottom right panel: Running Newton’s constant G(r) versus r for differ-
ent values of the running parameter . Shown are: i)  = 0 (solid black line)
ii)  = 0.3 (dotted blue line) iii)  = 1 (short-dashed red line) iv)  = 2 (long
dashed green line) v)  = 5 (dotted-dashed cyan line). Notice that  = 0
corresponds to the classical quantities, which are also shown for comparison
reasons.
the breakdown of General Relativity, and understanding of the final stages
of gravitational collapse is not possible when singularities are present.
Before we start, it is essential to point out that given the complexity of
the lapse function, it is not possible to obtain an expression for the horizon
in a closed form. The horizon is computed solving the algebraic equation
f(rH) = 0, with rH being the scale-dependent BH horizon. To get some
10
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Figure 2: Event horizon and thermodynamic quantities setting L = 1.
Top left panel: BH horizon rH versus µ for different values of the running
parameter . Top right panel: Hawking temperature TH versus µ for
different values of the running parameter . Bottom left panel: Bekenstein-
Hawking entropy SH versus µ for different values of the running parameter
. Bottom right panel: Specific heat CH versus µ for different values of
the running parameter . Shown are: i)  = 0 (solid black line) ii)  = 0.3
(dotted blue line) iii)  = 1 (short-dashed red line) iv)  = 2 (long dashed
green line) v)  = 5 (dotted-dashed cyan line). Notice that  = 0 corresponds
to the classical quantities, which are also shown for comparison reasons.
intuition, we may obtain approximate expressions assuming a small running
parameter, although the figures have been produced using the full expres-
sions, and therefore  is not required to be small. We thus can expand f(r)
in powers of , and use in the following an approximate expression for the
lapse function
f(r) ≈ f0(r) + 3
2
µ− 3µ2r. (38)
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The expression for the BH horizon is then found to be
rH = r0
(
1− 1
2
(r0) + (r0)
2 +O(3)
)
. (39)
We see that the new horizon is smaller than the one found in the classical
solution. Besides, as can be read off from Fig. (2), the corrections appear
for large values of the mass parameter µ. After that, we will move to the
computation of the black hole invariants as well as the basic thermodynamic
quantities, such as temperature, entropy and heat capacity.
4.1 Invariants
As already mentioned before, a full analysis of the invariants is also relevant
due to the fact that it reveals the presence of potentially new singularities.
Here we shall compute two of them, i.e., i) the Ricci scalar R and ii) the
Kretschmann scalar K.
4.1.1 Ricci scalar R
In the slow rotation limit, the value of the Ricci scalar coincides with the one
corresponding to the non-rotating case, due to the fact that the contribution
of the rotation speed is proportional to ω2, which is of higher order and thus
neglected. In differential geometry, the Ricci scalar R is computed starting
from the metric tensor and computing the Christoffel symbols Γµρσ and the
Ricci tensor Rµν first as follows [82]
Γµρσ =
1
2
gµλ
(
∂gλρ
∂xσ
+
∂gλσ
∂xρ
− ∂gρσ
∂xλ
)
, (40)
Rµν = ∂λΓ
λ
µν − ∂µΓλλν + ΓλλσΓσµν − ΓλµσΓσλν , (41)
R = gµνRµν , (42)
Therefore, the Ricci scalar is finally computed to be
R = −f ′′(r)− 4f
′(r)
r
− 2f(r)
r2
, (43)
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where f(r) is the new scale-dependent lapse function. We then substitute its
expression to obtain:
R = −12
L2
+ 3µ
(1 + 2r)(6r(1 + r)− 1)
r2(1 + r)2
− 36µ3 ln
(
1 +
1
r
)
, (44)
where the classical value is a constant, which is computed to be
R0 = −12
L2
, (45)
and which is recovered when  is set to zero. Finally, the second term in
Eq. (44) exhibits a new singularity due to quantum effects. The same holds
for the logarithmic term, which blows up when the radial coordinate goes
to zero. Given that we are interested in small deviations from the classical
solution, we expand around  = 0 once more to obtain
R = R0 − 3µ
r2
+
18µ2
r
+O(3). (46)
Therefore, we confirm that the Ricci scalar has a single singularity at the
origin.
4.1.2 Kretschmann scalar K
We shall now investigate how the Kretschmann scalar is affected when the
running of the coupling constants of the theory is considered. Once more,
for the slowly rotating solutions the Kretschmann scalar, which is defined to
be
K ≡ RabcdRabcd, (47)
with Rabcd being the Riemann tensor, takes the simple form
K = f ′′(r)2 + 4f
′(r)2
r2
− 4f(r)
2
r4
. (48)
In this case, the expression for K becomes quite complicated, which is why
we will only focus on its approximated expression. Thus, when  is small, K
acquires the approximate form
K = K0 + (r)
(
12µ
L2r3
− 12µ
2
r6
)
+O(2), (49)
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where the classical value is found to be
K0 ≡ 24
L4
+
12µ2
r6
. (50)
We see a single singularity at the origin, r → 0, both in the classical theory
and in scale-dependent gravity. Therefore, scale-dependent gravity is not
able to eliminate the singularity of classical theory. In the former additional
terms that blow up at the origin are present, although as r → 0 the classical
contribution is the dominant one. This confirms what we have already seen
in Fig. 1 (panel for f(r)), where there are no deviations from the classical
theory at r = 0, and where, as already mentioned before, variations only
occur at intermediate scales. We also observe that the scale-dependent effect
slightly increases the invariant since the running parameter is always taken to
be small, to maintain the deviations (from its classical value) under control.
4.2 Thermodynamics
In the following we will discuss the basic thermodynamic properties to get
some insight into the physics behind the scale-dependent black hole solutions.
Before we start, we should point out how BH thermodynamics is de-
formed when scale-dependent gravity is considered. We will focus on three
concrete thermodynamic quantities, namely: i) Hawking temperature, ii)
Bekenstein-Hawking entropy, and iii) Heat capacity. The first quantity, i.e.,
the Hawking temperature, can be computed by standard means for TH , the
only difference being that the metric potentials are deformed. Therefore, the
modification due to the formalism does not change the standard formula for
TH valid in GR. To be more precise, we can recognize that T0 and TH share
the same functional form by noticing that Newton’s coupling is promoted
from a constant, G0 = 1, to a r-varying G(r) = 1/(1 + r) function. Sec-
ond, the Bekenstein-Hawking entropy within scale-dependent gravity can be
obtained from the Brans-Dicke theory. In particular, similarly to the Hawk-
ing temperature, replacing G0 by G(r), we obtain an improved relation for
SH . Finally, as we will show, the heat capacity once more may be computed
using the classical relation. Thus, roughly speaking, CH is deformed due to
G0 → G(r) as before. All three effects are clearly observed in Fig. (2).
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4.2.1 Hawking temperature
We will first introduce the Hawking temperature of the scale-dependent black
hole solution in four-dimensional space-time. Following the same procedure
as in the classical solution, we compute TH as follows (see [83]) :
TH =
1
4pi
∣∣∣∣∣ limr→rH ∂rgtt√−gttgrr
∣∣∣∣∣ = 14pi
∣∣∣∣∣ 3µr2H(1 + rH)
∣∣∣∣∣. (51)
Clearly, when  tends to zero, the classical solution is recovered. We should
observe how the scale-dependent formalism introduces deviations from its
classical counterpart. Given the last expression, we see that the temperature
decreases in comparison with the classical case. This becomes clearer, taking
an expansion for small values of , and rewriting it in terms of the classical
horizon, namely:
TH = T0
∣∣∣∣∣
(
1− 3
4
(r0)
2
)
+O(3)
∣∣∣∣∣. (52)
Fig. (1) confirms that when the mass term increases, the scale-dependent
temperature is lower than its classical value. It coincides with the classical
solution for small values of µ (both in the classical and the scale-dependent
solution).
4.2.2 Bekenstein-Hawking entropy
Another thermodynamic property to be analyzed is the well-known Bekenstein-
Hawking entropy [84]. The approach followed here may be viewed as a partic-
ular case of a scalar-tensor theory of gravity, and therefore the corresponding
extended formula for this type of theories is given by [85]
S =
1
4
∮
d2x
√
h
G(x)
, (53)
where hij is the induced metric at the horizon. Taking advantage of the
symmetry as well as the fact thatG(x) = G(rH) is constant along the horizon,
the above integral takes the form [61, 60]
SH =
AH
4G(rH)
= S0(rH)(1 + rH). (54)
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Notice that the entropy is larger than the one corresponding to the classical
solution when the mass parameter increases (see Fig. (2) for details). Also,
in contrast to the standard solution, where S0 is proportional to the horizon
area, our expression (based on the Brans-Dicke approach) mimics an “area
× radio” law. As it should be, we also recover the classical solution when
the scale-dependent parameter is set to zero. Similar to previous quantities,
the Bekenstein-Hawking entropy largely differs from the classical solution for
large values of the scale-dependent parameter. It coincides with the classical
values when  is taken to be zero.
4.2.3 Heat capacity
The heat capacity is computed making use of the usual relation
CH = TH
∂SH
∂TH
∣∣∣∣∣
rH
= −SH , (55)
where the numerical solution is also shown in Fig. (2). It is essential to point
out that, similarly to the entropy, the latter is an exact result, and it tends
to the classical solution when → 0.
What is more, given that S ∼ µ2/3 and positive, the above equation
implies that the heat capacity is negative [80]. This is in agreement with
the well-known fact that in all bound systems with positive kinetic energy
and total negative energy, an increase of the temperature appears, and the
total energy will decrease, producing a negative heat capacity. In light of
the previous comments, thermal equilibrium between a negative specific heat
system and a positive one is not possible, which is the reason why BHs in this
sense seem to be thermally unstable. The same holds for the scale-dependent
solutions, where the inclusion of quantum features does not substantially
alter the underlying behaviour. Therefore, the solution in scale-dependent
gravity is still unstable, as the classical one.
Before we conclude our work, let us briefly comment on future work.
Nowadays, gravitational wave astronomy [86] and quasinormal modes of
black holes [87, 88, 89] is a very active field. Moreover, after the first image
of the shadow of a supermassive BH [18, 21, 22, 23], studying the shadows
that rotating black holes in several different contexts can also cast become
an exciting field. Therefore, we feel it would be interesting to compute the
quasinormal modes and the shadow of the slowly rotating scale-dependent
16
solution obtained here. We hope to be able to address those issues in forth-
coming publications.
5 Conclusions
In summary, in this work, we have studied some of the properties of four-
dimensional slowly rotating BHs with a flat horizon structure in the scale-
dependence scenario. Starting from the average effective action, we have
computed the corresponding effective Einstein’s field equations, and we have
obtained the functions involved. In the slow-rotating limit, the combination
ωn(r) encodes the rotation of the black hole, with ω being the angular ve-
locity. As can be observed in Fig. (1), the function n(r) mimics the classical
behaviour for large and small values of the radial coordinate (the same occurs
with the lapse function). Thus, the deviations from the classical solution are
significant only in the intermediate region.
Note that contrary to other scale-dependent solutions, no energy condi-
tions have been used here. We also have investigated the basic thermody-
namic properties of this model, observing that they are slightly modified after
the inclusion of the scale-dependent couplings. Finally, we have investigated
the invariants of the theory, according to which both in the classical theory
and in scale-dependent gravity, there is a single singularity at the origin,
r → 0. Our study reveals small deviations in the IR region, consistent with
predictions based on asymptotically safe gravity.
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